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Abstract

We express the averages of products of characteristic polynomials for random
matrix ensembles associated with compact symmetric spaces in terms of Jack
polynomials or Heckman and Opdam’s Jacobi polynomials depending on the
root system of the space. We also give explicit expressions for the asymptotic
behavior of these averages in the limit as the matrix size goes to infinity.

PACS numbers: 02.10.Yn, 02.30.Gp
Mathematics Subject Classification: 15A52, 33C52, 05SE0S

1. Introduction

In recent years, there has been considerable interest in the averages of the characteristic
polynomials of random matrices. This work is motivated by the connection with Riemann
zeta functions and L-functions identified by Keating and Snaith [KS1, KS2]. The averages of
the characteristic polynomials in the cases of compact classical groups and Hermitian matrix
ensembles have already calculated (see [Me] and references in [BG]). In these studies, Bump
and Gamburd [BG] obtain simple proofs for the cases corresponding to compact classical
groups by using symmetric polynomial theory. Our aim in this paper is to use their technique
to calculate averages of the characteristic polynomials for random matrix ensembles associated
with compact symmetric spaces.

We deal with the compact symmetric spaces G/K classified by Cartan, where G is a
compact subgroup in GL(N, C) for some positive integer N and K is a closed subgroup of G.
Assume G/K is realized as a subspace S in G, i.e., S >~ G /K, and the probability measure
dM on S is then induced from G /K. We call the probability space (S, dM) the random matrix
ensemble associated with G/K.

For example, U (n)/ O (n) is the symmetric space with a restricted root system of type A
and is realized by § = {M € U(n)|M = MT}. Here M" stands for the transposed matrix
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of M while U (n) and O(n) denote the unitary and orthogonal group of matrices or order n,
respectively. The induced measure dM on S satisfies the invariance d(H M H™) = dM for any
H € U(n). This random matrix ensemble (S, dM) is well known as the circular orthogonal
ensemble (COE) (see, e.g., [Dy, Me)).

We also consider the classical compact Lie groups U (n), SO(n) and Sp(2n). Regarding
these groups as symmetric spaces, the random matrix space S is just the group itself with its
Haar measure.

The compact symmetric spaces studied by Cartan are divided into A and BC type main
branches according to their root systems. There are three symmetric spaces of type A,
with their corresponding matrix ensembles called circular orthogonal, unitary and symplectic
ensembles. For these ensembles, the probability density functions (pdf) for the eigenvalues
are proportional to

ANz 2B = [ lu—zl,

I<i<j<n

with g =1, 2,4, where z = (24, .. ., z,), With |z;| = 1, denotes the sequence of eigenvalues of
the random matrix. We will express the average of the product of characteristic polynomials
det(/ + xM) for a random matrix M as a Jack polynomial ([Mac], chapter VI-10) of a
rectangular-shaped Young diagram. Jack polynomials are orthogonal with respect to the
weight function A’k Our theorems are obtained in a simple algebraic way and contain
results given in [KS1].

For compact symmetric spaces of type BC root systems, the corresponding pdf is given
by
AHO(Z;k1,k2,k3)= 1_[ |1—ZiZ;l 2k3|1_zizj|2k3_ l—[ |1_Zj|2kl|1_2§|2k2.

1<i<j<n 1<j<n

Here the k;’s denote multiplicities of roots in the root systems of the symmetric spaces. For
example, the pdf induced from the symmetric space SO(4n + 2)/(SO(4n +2) N Sp(4n +2))
is proportional to AHO (z; 2, % 2). For this class of compact symmetric spaces, Opdam and
Heckman’s Jacobi polynomials ([Di, HS]), which are orthogonal with respect to AHO, will
play the same role as Jack polynomials for type A cases. Namely, we will express the
average of the product of characteristic polynomials det(/ + x M) as the Jacobi polynomial of
a rectangular-shaped diagram.

This paper is organized as follows. Our main results, which are expressions for the
averages of products of characteristic polynomials, will be given in section 6. As described
above, the symmetric spaces corresponding to the two root systems, types A and BC, will be
discussed separately. For type A spaces, we use Jack polynomial theory. These discussions
can be generalized to Macdonald polynomials. Thus, after preparations in section 2, we
give some generalized identities involving Macdonald polynomials and a generalization of the
weight function A’k in sections 3 and 4. In particular, we obtain g-analogues of Keating and
Snaith’s formulae [KS1] for the moments of characteristic polynomials and a generalization
of the strong Szego limit theorem for Toeplitz determinants. These identities are reduced
to characteristic polynomial expressions for symmetric spaces of the A-type root system in
sections 6.1-6.3. On the other hand, for type BC spaces, we employ Opdam and Heckman’s
Jacobi polynomials. We review the definition and several properties of these polynomials in
section 5, while in sections 6.4—6.12 we apply them to obtain expressions for the products of
characteristic polynomials of random matrix ensembles associated with symmetric spaces of
type BC.
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2. Basic properties of Macdonald symmetric functions

We recall the definition of Macdonald symmetric functions (see [Mac, chapter VI] for details).
Let A be a partition, i.e., A = (A, A2, ...) is a weakly decreasing ordered sequence of non-
negative integers with finitely many nonzero entries. Denote by £()) the number of nonzero
Aj and by |A| the sum of all ;. These values £(A) and |A| are called the length and weight of A
respectively. We identify A with the associated Young diagram {(i, j) € Z*|1 < j < A;}. The
conjugate partition A’ = (A}, A}, ...) is determined by the transpose of the Young diagram
A. It is sometimes convenient to write this partition in the form A = (12" ...), where
m; = m;(}) is the multiplicity of i in A and is given by m; = A} — A,,. For two partitions A
and p, we write A C p if A; < w; for all i. In particular, the notation A C (m") means that A
satisfies 1; < m and A < n. The dominance ordering associated with the root system of type
A is defined as follows: for two partitions A = (A, Ay, ...) and u = (@, 12, .. .),

n<ak & A =l and
Ui+t KA+ A forall i >1.
Let ¢ and ¢ be real numbers such that both |¢| < 1 and |¢t| < 1. Put F = Q(qg, t) and
T = {z = (21, ..., z0)lzil = 1(1 < i < n)}. Denote by F[xy,...,x,]%" the algebra of

symmetric polynomials in variables xi, ..., x,. Define an inner product on F[xy, ..., X, ]S
by

1 —1 Mac
(f, 8)ame = 7/ f(2)g(z" )A™(z;q,1)dz
n:. Jmm

with
(wiz;a) . |
AMaC(Z; q.1) = 1_[ # ,
I<i<j<n (tZiZj 1) o
where 27! = (2, ..., z;!) and (@; @) = [[72(1 — ag”). Here dz is the normalized Haar

measure on T".
For a partition A of length £(A) < n, put

MY (X1, ey Xy) = Z xpte 2.1)
v=(vy,..., V) ES, A

where the sum runs over the &,-orbit S,A = {(As(1), ..., Ae))|o € G,}. Here we add
the suffix ‘A’ because &, is the Weyl group of type A. Then Macdonald polynomials (of
type A) PM* = PMac(x, .. x,;q,1) € Flxi, ..., x,]%" are characterized by the following
conditions:

PMC — mf + Z uwmﬁ with u, €F,

H<ah
(P, PM*) e =0 if A pu.
Denote by Ap the F-algebra of symmetric functions in infinitely many variables

T = (x, X2, ...). Thatis, an element f = f(x) € A is determined by the sequence (f;,),>0
of polynomials f, in F[xy, ..., x,]®", where these polynomials satisfy sup,, > deg(f») < oo
and f,(x1,...,%,,0,...,0) = fu(x1,...,x,) for any m > n (see [Mac, chapter I-2]).
Macdonald polynomials satisfy the stability property

P}fvlac(xl’ MR xl‘la xn+1; ‘Z» t)|)(,,+|=0 = P){\/lac('xla MR ] xn; ‘Z» t)

for any partition A of length £(A) < n, and therefore for all partitions A, Macdonald functions
PMa(z; g, t) can be defined.
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For each square s = (i, j) of the diagram A, let
a(s) =Xx; — j, a(s)=j—1, l(s):)»/j—i, U'(s)=i—1.

These numbers are called the arm length, arm colength, leg length and leg colength,
respectively. Put

c(g.t) = 1_[(1 _ q“(s)tl(‘v)ﬂ), c;(q, t) = 1_[(1 _ qa(x)+1tl(s)).

SEA SEA

Note that ¢, (g, 1) = ¢},(t, q). Defining the Q-function by Q; (x; ¢,t) = c;(q, 1)} (g, 1)
Pf“ac(as; q, 1), we have the dual Cauchy identity ([Mac, chapter VI (5.4)])

Do P @ g, DPY (i1, q) =) 0w ¢, D QY (Y5 1, 9)
A

s
o (=D
= [[TTa+xyp =exp (Y ——n@pnw) ). 2.2)

i>1j>1 k=1

where y = (y1, y2, . ..). Here py is the power-sum function py(x) = x¥ + x5 + .. ..
We define the generalized factorial (a)(;’”) by
@ =[1a" ~4“Va).
SEL

Let u be an indeterminate and define the homomorphism ¢, ;, from Ay to F by

1 _ r
€ur(p) = 1 L: forall r > 1. 2.3)
In particular, we have ¢« ,(f) = f(1,¢, 2, ..., " for any f € Ap. Then we have ([Mac,
chapter VI (6.17)])
(I/t)(q’t)
eu,t(P){VlaC) = A 2.4)

Ch (Q1 t ) .
Finally, the following orthogonality property is satisfied for any two partitions A and pu of
length < n:

1 — qa’(s) tn—l’(s)

(PM, ON) sy = a1, D ame [ ] ;

SEA

_ qa’(s)+1tnfl’(s)71 : (25)

3. Averages with respect to AM*°(z; g, 1)
As in the previous section, we assume ¢ and ¢ are real numbers in the interval (—1, 1). For a

Laurent polynomial f in variables zj, ..., z,, we define

S f () AN (25 g, 1) dz
S AME (23 g, 1) dz

In this section, we calculate averages of the products of the polynomial

() =

n

WAz ) = [(1+nz)), neC
j=1
with respect to (~)f[”). Denoting the eigenvalues of a unitary matrix M by zi, ..., z,, the

polynomial W (z; n) is the characteristic polynomial det(I + nM).
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The following theorems will induce averages of the products of characteristic polynomials
for random matrix ensembles associated with type A root systems (see sections 4 and 6.1-6.3
below).

Theorem 3.1. Let K and L be positive integers. Let 1y, ..., np+x be complex numbers such
that n; # 0(1 < j < L). Then we have

L K (g.1)
<H‘VA(Z_'2HZI)'H‘I’A(Z; 77L+k)> = ()™ PRI (01 ek 1L )
I=1 k=1 ,,

Proof. By the dual Cauchy identity (2.2), we have

L K L L+K n
[Te*GE ") T]¥ @ =] @z [T 1A +mz
=1 k=1 =1 k=1 j=1

I
—=
=

N AR Z O, o ek 1. QN (25 ¢, 1).

o o~
Il

Therefore, sinc P“L’l,‘,“(z g,t) = (z1-- zn)L [Mac, chapter VI (4.17)], we see that

(q.1)
<]_[ WAz ) - ]_[ WA (2; 77L+k)>
=1 k=1 n
( Mac PMac

L

—n Mac A (L") >AMac

= e 3t S —
Eﬂl ;QA (m NLsks t, q) 1) e

_ a '(s) tnfl’(s)

1
. —n Mac
= 1_[ n Qo - Lk 1, q) 1_[ ,(S)+1tn71/(s)71
_ se(L™)

by the orthogonality property (2.5). It is easy to check that
l_[ 1-— qa/(s)lnil/(s) _ can(g,t) _ CEnL)(t’ q)
e _ qa/(s)+ltn—1'(s)—l CEL")(‘]’ 1) c(nL)(t, q)

and so we obtain the claim. O

It may be noted that the present proof of theorem 3.1 is similar to the corresponding one
in [BG].

Corollary 3.2. For each positive integer k and & € T, we have

k-1 CRO N S 1y e
Ao, i+l/26n2
<1‘[|w (z:q"%8))| > HH g
i=0 n i=0 j=0
Proof. Set L = K =k and ;7! = n;x = ¢'~'/?£(1 <i < k) in theorem 3.1. Then we have
k—1 (g.1)
<H (WA (z; q"”/zs>|2>
i=0 "
k-1
_ l_[q(i+1/2)n Py (g2 g2 g2 g\ g gy
i=0
2 _ —
=q" g TP (g g )

— q_nk(k_l)/zquk,q(P(nk)(.; t’ CI))
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From expression (2.4), the right-hand side of the above expression equals

2k (1,q) 1 1 2k n—1 k 2k—i+l
S D12 1—[ 1—[ g~ =" l—[ 1—[ 1 - ’j o
q con (t, q) - — th—Jgk— 1+1 k i+1 7’
CONEE i=1 j=1 q j=0i=1
and the result follows. O

Kaneko [K2] defines the multivariable g-hypergeometric function associated with
Macdonald polynomials by

(q.1) (q.1) ac .
) = Z (@), 7" ()" pM (xlj...,xn,q,t)
) (C);q " (g, 1)

where A runs over all partitions of length ¢(X) < n. The g-shifted moment

2®, 9 (a, b; ¢ xy, ...,

. (q.t)
<]_[f;& WA (z; q’+l/2§)|2> given in corollary 3.2 can also be expressed as a special value
n

of the generalized g-hypergeometric function ,®;“"") as follows:

Proposition 3.3. For any complex number with |n| < 1 and real number u,

< n
j=1

In particular, letting u = g* and n = q'/*& with & € T, we have

23 @)oo

2 (q,1)
, =2 O u gt (uin)?, i, . lnh*e Y.
iu; Q)oo

k—1 (q.1)
<1_[ |‘IJA(Z, qi+1/2s)|2> — z(bl((],l)(q—](’ q—k; qtn_]; q2k+1, q2k+lt, e q2k+ltn_1).
i=0 n

Proof. A simple calculation gives

Tz e (=D 1 —ut
H 70— exp ; T ) )

=1 (21 oo

From expressions (2.2) and (2.3), we have

L 25 Poo N e o
l_[(”ZJ“ Qoo Z( mHewq( (:1,9) 0 (21 q,1)

=Y (=mMeq (PY (1. q)) PM*(2:q.1).

Thus we have
ﬁ 12j5 Qoo
j=

2
2 q) ‘ :Z<—n>'“<—ﬁ>‘“‘eu,q(Pﬁ““c:nq))eu,q
J% oo

(QM“‘°( 1) P (2 q. QN (=" g, 1).
The average is given by

n (g,1) (
< > = > P eug (PY(i 1. @) eng (QN (i1, q))
j=1 R A

(12j; Dos | PMec, QM)

i q) oo

AMac

(1, 1) avec

(1,9) 1s) on—1'(
= Zl o {@;F 1—[ 1—gq O
Cy/ (Z Q)CW ([ q) qll'(S)+1 tnfl’(s)fl
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by expression (2.4) and the orthogonality property (2.5). It is easy to check that

@)\ = (—u)H @0, en(t, q)ch (t, q) = ¢i(q, D¢, (g, 1),
o ad(s)n=1'(s) U'(s) _ ,a (s)n ny(q,1)
1—q*%t t gt ("),

l_[ — ja ) = s)—1 1_[ () _ gasyrlpm—1 IR
1—gq t t q t (gt"=1);

ser SEA

Finally, we obtain

Mz @)oo
(11} e

NZju; q)oo

(g,1) —
2 - i (W) B, g,
tnfl);q’t) C;\(q,l‘)

n

which equals 5®1 "0 ™" u™ts g7t winl)?, L. Y. O

Now we derive the asymptotic behavior of the moment of |W(z; )| when || < 1 in the
limit as n — oo. The following theorem is a generalization of the well-known strong Szeg6
limit theorem as stated in section 4.2 below.

Theorem 3.4. Let ¢ (z) = exp ( Y kez c(k)zk) be a function on T and assume
> leh)] < oo and > ke < oo (3.1

keZ keZ
Then we have

(g.1) 00 1 qk
ne(0) _ _
nll)ngoe <H¢(z )> —exp< — 1—t’<>'

j=1 " k=1

Proof. First we see that

[ oG =@ Jexp(cth) pi(2)) explc(—k) pi(2))

j=1 k=1

< b
— o l‘[ (Z ety Py (z)) (Z %P(k")(@)

b=0

= c(k)®c(—k) -
=" Z Z (H T abl Paaoa ..y (2) paean...) (),
k=1 R

(141292-2) (1P12b2....)

where both (1412% . ..) and (1°'2% . . .) run over all partitions. Therefore we have

n (q.1)
e c(k)® c(— k)bk (P(m2m2.y, Pbigb..y) AMee
co([Toen) = ¥ 3 ([TWreghr) e o

j=1 n (191292.) (1b1202...)

We recall the asymptotic behavior

(p(lﬂlzﬂz.“), p(1’712”2~~)>AM5C N ﬁé . 1-— qk “
(T, 1) e L [an et (7

in the limit as n — oo (see [Mac, chapter VI (9.9) and (1.5)]). It follows from this that

(g.1)
43 ‘l_ ko %
e ([Toen) = ¥ U000 (1)

= Y (191292...) k=1

LB (S (e (& 1- gk
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Here Z,fo L ke(k)e(—k) 117?: converges absolutely by the second assumption in (3.1) and the

Cauchy—Schwarz inequality, because | T | < }t‘ﬁ‘li < 1+]q). ]

Note that the present proof is similar to the corresponding one in [BD]. The resultin [BD]
is the special case of theorem 3.4 with ¢ = . As an example of this theorem, the asymptotic
behavior of the moment of | W (z; n)| is given as follows. A further asymptotic result is given
by corollary 4.2 below.

Example 3.1. Let y € R and let  be a complex number such that || < 1. Then we have

(qInl*; t)oo)
(171% oo

This result is obtained by applying theorem 3.4 to ¢(z) = |1 + nz|2V Then the Fourier
coefficients of log ¢ are c(k) = (—D* 'n*y /k and c(—k) = (=1)*'7*y /k for k > 0, and
c(0) =0.

fim (W4 (2 ) 7),0 = (
n—oo

4. Circular ensembles and its g-analogue

4.1. Special case: t = qP/?

In this subsection, we examine the results of the last section for the special case t = g#/2
with 8 > 0, i.., we consider the weight function AM*(2; ¢, ¢#/%). Denote by ()} ; the
corresponding average. Define the g-gamma function (see, e.g., [AAR, (10.3.3)]) by

- @D
r = —qg)—~1r=
) =>0-q) @ D

Proposition 4.1. Let B be a positive real number. For a positive integer k and & € T, we have

: i—1/24412 = Ft(g(l'+1))1“z(n+%(k+i+1))
Ewu,q or) =]1~ L (20+i+ D)Lt 26+ 1)

n.p i=0
ol 2]+2k+1) JLj+1)

—H

Proof. The c1a1m follows immediately from corollary 3.2 and the functional equation
F,(1+x) = q [,(x). O

(with t = gP/*)

(4.1)
2] +k+ 1)

Consider now the asymptotic behavior of this average in the limit as n — oo. Put [n], =

1 —=4"/0—-q).
Corollary 4.2. For a positive integer k and & € T, it holds that

£ Tl (26 + D)
li —2k2/B W(z: gi—128)2 _ B ith t = gP/?.
Tim ([n],) <ﬂ| (z:q"6) >n,5 Ert(%(hiﬂ)) with t=gq

i=1
4.2)
Proof. Verify that
I''(n+a)

im ————
n—o0 I't(n)([n])*
for any constant a. Then the claim is clear from expression (4.1). ([l

=1 (4.3)
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Example 4.1. Denote by ]—'73 (k) the right-hand side of equation (4.2). Then we obtain

E1[2j+1] 4!

Flk) = ,l:!) m: 4.4

k—1 .
_ [lg!
F k) = ,l:!) T (4.5)
O @* L
i = [2k — 1],!! ,11 [2/1,! 46)

Here [n],! = [n]y[n—1], ---[1], and [2k —1],!! = [2k—1],[2k—3], - - - [3]4[1],. Equalities
(4.4) and (4.5) are trivial because Iy (n + 1) = [n],!. We check relation (4.6). By definition,
we have

A < [] G0 [ Tl )lesD
P e Tk 3+ ) T ATkt p+ k4 p+ 1)

Using the g-analogue of the Legendre duplication formula (see, e.g., [AAR, theorem 10.3.5(a)])
T, 20T, (1/2) = 1+ @)™ T ()T e (x +1/2),

we have

k=1 k—1
T A+ FT,2p+1) 2w 2p],
Fi@h _g I,Q2k+2p+1) = (1) 1_[ [2k+2p] r

Expression (4.6) can then be proven by induction on n.

4.2. Circular B-ensembles and Jack polynomials

We take the limit as ¢ — 1 of the results of the previous subsection. Recall the formula

as-.
lim (4% Do _ (1 — x)-
q—1 (X;q)oo
for |x| < 1 and a € R (see [AAR, theorem 10.2.4] for example). Then we have
lim AM(z1q.4"%) = ] 1o — 21" =0 A" z:2/p).
q*)
I<i<j<n

which is a constant times the pdf for Dyson’s circular S-ensembles (see section 6). Denote by
(-)n,p the corresponding average, i.e., for a function f on T" define

fw f(z) H1<i<j<n lzi — Z./’ll3 dz
fqr" Hl§i<j§n |zi —z;1F dz

Leta > 0. The Jack polynomial P/**(xy, ..., x,; @) for each partition X is defined by
the limit approached by the corresponding Macdonald polynomial,

(fhnp =Um(f); 5 =

qg—1

PfaCk(xl, e X Q) = lirn1 PAM‘”(xl, e X g, g %)

(1—)
(see [Mac, chapter VI-10] for detail). Jack polynomials are orthogonal polynomials with
respect to the weight function A¥*(z; o). In particular, s; (x1, . .., X,) = Py**(xy, ..., x5 1)
are called Schur polynomials and are irreducible characters of U (n) associated with A.
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From the theorems in the last section, we have the following: from theorem 3.1, we see
that

L K
<l_[lIJA<z‘;n,‘1>~l_[‘I'A(z; nL+k>> = (1 -one) " PRS-k B/2). (A7)
I=1 k=1 n.B

For a positive real number y and complex number n with || < 1, we have from
proposition 3.3 that

B

(W I )ncpe =211 P (—y, —vi =D+ Lk ), (4.8)
where ,F,“(a, b;c;xy,...,x,) is the hypergeometric function associated with Jack
polynomials [K1] defined by

(@) 1@ _|i| pJack .

b P T
Fﬁ”"(a,b;C;xl,...,xn)=z‘,[a]A E)]k LSRR AL
~ [ )
with
[ulf =@ =)/ +d s) and cj(@) = [ Jlals) + 1) +1(s)).
SEL SEL

For a positive integer k, and £ € T, by theorem 4.1 and corollary 4.2 it holds that

- (z+1)) (n+ 3(k+i+1) k-1 (z+1))
A 2k ~ .
Iz H (Fk+i+D)C(n+ 3G +1)) ll_!r (Zk+i+1)

2k /B

4.9)

in the limit as n — oc. For a function ¢(z) = exp ( Y.y c(k)z*) on T satisfying inequalities
(3.1), by theorem 3.4 it holds that

linolo ) <l_[¢(zj)> = exp (% Z kc(k)c(—k)) . (4.10)
J=l n.B k=1

In particular, for y € R and a complex number 7 such that || < 1, we have
lim (W™ (23 )P g = (1 — ||~ 7P.
n—00

Several observations may be made concerning the above identities: equation (4.8) is
obtained by verifying the limits
(q.1)
lim 2% (q° )q IM[ ](a) li CK(C] t)

A= fim =y = @

with g = t*. The expression for the moment is obtained in [FK] using a different proof, which
employs a Selberg type integral evaluation. Equation (4.9) is also obtained in [KS 1] essentially
by the Selberg integral evaluation. When 8 = 2, equation (4.10) presents the strong Szegd
limit theorem for a Toeplitz determinant. Indeed, the average of the left-hand side of (4.10) is
then equal to the Toeplitz determinant det(d;_;)<;, j<n Of ¢, where d; are Fourier coefficients
of ¢. Equation (4.10) with general 8 > 0 is seen in [J1, J2], but it may be noted that the
present proof, employing symmetric function theory, is straightforward. This expression is
applied in [Mat] in order to observe an asymptotic behavior for Toeplitz ‘hyperdeterminants’.
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5. Jacobi polynomials due to Heckman and Opdam

The results obtained in sections 3 and 4 will be applied to random matrix polynomials from
symmetric spaces of the type A root system in the following section. In order to evaluate the
corresponding polynomials of the BC type root system, we here recall Heckman and Opdam’s
Jacobi polynomials and give some identities corresponding to (4.7) and (4.9).

The dominance ordering associated with the root system of type BC is defined as follows:
for two partitions A = (A1, Ao, ...) and u = (1, Ko, .. .),

U<SA & U4+ KA+ + A forall i >1.
Let Clz*'] = C[xlil, ...,x,j“] be the ring of all Laurent polynomials in n variables
x = (x1,...,x,). The Weyl group W =Z,: 6, =7Z; x S, of type BC, acts naturally on

7" and C[x*'], respectively. Denote by C[x*']" the subring of all W-invariants in C[z*!].

Let AHO(2; ky, ky, k3) be a function on T" defined by
AHO(Z; ki, ko, k3) = 1—[ |1 —Zi2;1|2k3|1 —ZiZj|2k3 . l_[ = Zj|21<1|1 _Z§|2k2'
1<i<j<n 1<j<n
Here we assume k, k, and k5 are real numbers such that
ki +ky > —1/2, ky > —1/2, ks > 0.
Define an inner product on C[z*']" by
1
2!
For each partition u, we let

BC _ Vi Vn
m, -~ (x) = Z Xy,

veWpn
where W is the W-orbit of u (cf (2.1)). These polynomials form a C-basis of Clz*".

Then, there exists a unique family of polynomials P,\HO = Pfo(w; ki, ks, k3) € Clz*V
(X are partitions such that £(1) < n) satisfying two conditions:

(f, g)amo = / F(2)g(z"HARO (25 ki, ko, k3) dz.
-

PAHO(:B) = m,\BC(:c) + Z uwmﬁc(w), with uy, €C,
<A

(PO, PI0), o =0 if A # .

The Laurent polynomials P, are known as Jacobi polynomials associated with the root system
of type BC, due to Heckman and Opdam (see, e.g., [Di, HS, Mi]). They can be seen as
BC-analogues of Jack polynomials.

For a function f on T", we denote by ( f)
weight function AHO(z; ky, ky, k3):
S () AR (25 ky, ko, k3) dz

S ATO(z: ki, ka. k3) dz

From the three parameters k1, k,, k3, we define new parameters

ki = ki/ks, k= (ky+1)/ks — 1, ky = 1/ks.

kik2-ks the mean value of f with respect to the

(Pt =

Put

Wz x) = [ [ +xzp)(1+xz;").

Jj=1
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Theorem 5.1. The following relation holds

(WP (2 x ) WP (25 xa) - WEC (2 ) ) = (o) Pl (1 - X K Ko, s,
5.1

In order to prove this, we need the following dual Cauchy identity obtained by Mimachi
[Mi].

Proposition 5.2 ([Mi]). Let * = (x,...,x,) and y = (y1,...,Yym) be sequences of
indeterminates. Jacobi polynomials PPO satisfy the equality

[T G+ =i =y = Y DHPIO@; ki, ko, k) PRO(y: i, Ko, o),

i=1 j=1 AC(m™)

where A = (n — A, ,n— A, ...

on =),

Proof of theorem 5.1. We see that
m n

\IIBC(z; xl)\I’BC(z; Xp) - - \I/Bc(z; Xm) = (x1 - x)" 1_[ l_[ (xi +)cf1 +z;+ Z;l).
i=1 j=1

Using proposition 5.2 we have
(WBC (2 x) WP (2 xp) - - - WBC (25 ) KRR

=@x)" Y PROGL L xs kL k) (PPO (21 k. s )

AC(m™)

ki.ka k3
N .

By the orthogonality relation for Jacobi polynomials, we have

ki,ka,ks {17 it A =1(0),

(PAHO(2§ ki, ka, k3)>n 0 otherwise

and we thus obtain the theorem. O

Remark 5.1. Using theorem 2.1 in [Mi], we derive a more general form of equation (5.1)
including a Macdonald—Koornwinder polynomial.

Theorem 5.3. Let

m—1
A/ TT
F(m; ki, ko, k3) = , .
( 15 K2 3) Jl:!) 2k1+2k2+jk3*1['(k1 +k2 + % + ]k3)

The mth moment of WBC(z; 1) is given by

1 ~ - . 5 B . .~
(lIJBC(Z~ 1)’”)7(1,/(2,7(3 = F(m; ]’%1 ]‘%2 ];3) ni_[ [(n +kl:|'2k2 +jk~3)F(n +k~1 +ky + 5 +~]k3).
i Tn+% +k+2)(n+4 +k+ H5)

Proof. By theorem 5.1 we have

(WBC(z; 1)’")1,;"]‘2’1‘3 = P(}nl%(lm; ki, ko, k3). (5.2)
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The special case PAHO(I, 1, ..., 1; ki, ko, k3) is known and is given as follows (see, e.g., [Di]):2
for a partition X of length < m,

(i + pj +k3)40, (Pi — pj +k3)3-3,
(i + 0 )240; (01 — Pj)as—1,

PHO(L, ..., 11 ky, ko, k3) = 277
o ( 1, k2, k3) I1

m 1<i<j<m
k ki+1
ﬁ (3 +hka+ pj),\,( 7t pj)x,-
x !
1 207021,

~

with p; = (m — j)ks + % + ky. Here (a), = I'(a +n)/T'(a) is the Pochhammer symbol.
Substituting (n™) for A, we have
(k[ + 2k2 + (2111 —i — ] + 1)]{3)2”

(ki +2ky + (2m — i — j)k3)2n

PO ki ko ks) =[]
1<i<j<m
m—1 ~2n . 1 .
2 (k] +2k2+_]k3)n(k1 +k2+§+]k3)n
- jll (k1 + 2k +2k3)2

(5.3)

A simple algebraic manipulation of the first product on the right-hand side of (5.3) yields
l—[ (ki +2ka+ 2m —i — j+ Dk3)ay "ﬁ (ky + 2ky + 2 k3)2n
(ki +2ky + 2m — i — pPks)an 1 (ki +2ka + jks)an

1<i<j<m J

and therefore we obtain

m—1 ~2pn 1 .

22 (ky +ky + 5 + jks)
PED (1" k. ko, k3) = 2—n
o) ( 1> k2, k3) Jlj!) (n+ky+2ky + jki),

Combining the above result with equation (5.2), we have

m M (n + Ky + 2k + JROT (n+ky + ko + 5 + jks)

WPC(z; Dyl = — ! 2 54
W D, E) T(ky +ko+ 1 + jka)T Qn + ki + 2k, + jk3) o
Finally, we apply the formula
22a—1 1
I'2a) = M'aIla+ =
(2a) I (a) <a 2)
to I'(2n + k; + 2k, + jks3) in equation (5.4) and we then have the theorem. O

Corollary 5.4. It holds that
(\I/BC(Z; l)m)kl,kz,k} ~ ]:(m’ ];1, ];2’ ];3) . nm(121+l~cz)+%m(m—l)/23,

asn — oQ.

Proof. The claim follows from the previous theorem and the asymptotics of the gamma
function (cf (4.3)): I'(n + a) ~ I"'(n)n“ for a constant a. U

2 The connection between ours notation and van Diejen’s [Di] is given by vo = kj + ko, vi = ko, v = k3.
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6. Random matrix ensembles associated with compact symmetric spaces

Finally, we apply the theorems obtained above to compact symmetric spaces as classified by
Cartan. These symmetric spaces are labeled A I, BD I, C II and so on (see, e.g., table 1 in
[CM]). Let G/K be such a compact symmetric space. Here G is a compact subgroup of
GL(N, C) for some positive integer N and K is a closed subgroup of G. Then the space G/K
is realized as the subset S of G: S >~ G/K and the probability measure dM on S is induced
from the quotient space G/K. We consider S as a probability space with the measure dM and
call the random matrix ensemble associated with G/K. See [Du] for details.

The random matrix ensembles considered in sections 6.1-6.3 are called Dyson’s circular
B-ensembles (see [Dy, Me]). The identities in these subsections follow immediately from
expressions (4.7) and (4.9) (see also example 4.1). Similarly, identities after section 6.4
follows from theorem 5.1, theorem 5.3 and corollary 5.4.

Note that the results in sections 6.1 and 6.4—6.6 are results for compact Lie groups (which
are not proper symmetric spaces) previously presented in [BG].

6.1. U(n)—type A

Consider the unitary group U (n) with the normalized Haar measure. This space has a simple
root system of type A. The corresponding pdf for eigenvalues z;,...,z, of M € U(n)
is proportional to A’ (z; 1). This random matrix ensemble is called the circular unitary
ensemble (CUE).

For complex numbers 7y, ..., 0z, Nr+1, - - - » Ni+k > it follows from equation (4.7) that

L K
<1_[ det (I +n;'M7")- Hdet(l + TIL+iM)>
U

i=1 i=1
L K L
= <1_[ WAz ) - H‘I’A(Z; 77L+i)> = Hﬂf" Sty (N5« MLak)-
i=1 i=1 na i=l
In addition, from equation (4.9) we obtain

-1

m—1 . . m
om _ jln+j+m)! N
(Idet(I + EM)|"™)yny = 1 Grmlnt i)t I1

j! 2
5 Gam!

forany & € T.

6.2. Un)/O(n)—type A1

Consider the ensemble S(n) associated with the symmetric space U (n)/O (n). The space S(n)
is the set of all symmetric matrices in U (n). The corresponding pdf for eigenvalues zi, ..., z,
is proportional to A" (z;2) = H1<i< j<n |zi — z;j|. This random matrix ensemble is called
the COE. We have

L K
<]_[ det (I +n;'M7") - [ [ deer + 7]L+iM)>
S(n)

i=1 i=1

L K L
= <]_[ wAET ) T v ’7L+i)> =[] PSS, neks 1/2).
i=l1 i=1 nl i=l
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For & € T, we obtain

m—1

’ﬁ(2j+1)!(n+2m+2j+1)! 1l Q) +1)!
L em+2j+D)in+2j+ D! A @m+2j+ D)

2m?

(Idet(I +EM) ") sy =

6.3. U(2n)/Sp(2n)—type A Il

Consider the ensemble S(n) associated with the symmetric space U (2n)/Sp(2n). The space
S(n) is the set of all self-dual matrices in U (2n), i.e., M € S(n) is a unitary matrix satisfying

M =JM"JTwithJ = ( 0 ’”) This random matrix ensemble is called the circular symplectic

ensemble (CSE). The eigenvalues of M € S(n) are of the form zy, 21, 22, 22, - - . , Zn, Zn and sO
the characteristic polynomial is given as det({ + xM) = ]_[’}-=1 (1 +xz;)*. The corresponding

pdf for z1, ..., z, is proportional to A™¥(z;1/2) =[], <, 12 — z;1*. We have

L
<]_[ det (I +97'M™")"? Hdet(l + nL+,M)1/2>
i=l S(n)

i=1
L K L
= <]_[ Az ) [ v 77L+i)> =[] PRGN ik 2).
i=1 i=1 4
For & € T, we obtain

2m—1 J+ j+1 m

6.4. SO2n + 1)—type B

Consider the special orthogonal group SO(2n + 1). An element M in SO(2n + 1) is an
orthogonal matrix in SL(2n + 1,R), with eigenvalues given by zl,zfl,.. , Zns 2 _1 , 1.
From Weyl’s integral formula, the corresponding pdf of zi,z2,...,2, is proportlonal to
AHO(z: 1,0, 1), and therefore it follows from theorem 5.1 that

m m m 10,1
<1_[det(1 +xiM)> ]_[ 1+x) <]_[ WBC (2 x,-)>
SO(2n+1) n

i=1

i=1 i=1

m
= [[xra+x)- PO (xrn . s 1,0, 1),
i=1

Here PFO (X15 -y Xp; 1,0, 1) is just the irreducible character of SO(2m + 1) associated with
the partition A. Theorem 5.3, corollary 5.4 and a simple calculation lead to

m—1

Fr2n+2j+2 D2m
(det([ +M)m>50(2n+1) =m l_[ - - ( n J ) ~ - . nm2/2+m/2
iz 212j+ DT 2n+j+ 1 [[27 — D!

in the limit as n — oo.
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6.5. Sp(2n)—type C
Consider the symplectic group Sp(2n), i.e., a matrix M € Sp(2n) belongs to U(2n) and

satisfies MJ M = J, where J = (—Ol'f, (1)';). The eigenvalues are given by z1,z; ', ..., 2, 2, .
The corresponding pdf of zi, 22, ..., z, is proportional to AHO(z: 0,1, 1) and therefore we
have

m m 0,11 m
<1_[det(1+xiM)> =<H\IJBC(z; xl-)> =Hxi”-P&I%(xl,...,xm;o,l,l).

i=1 Sp(2n) i=l n i=1
Here PAHO(xl, ooy X3 0,1, 1) is just the irreducible character of Sp(2m) associated with the
partition A. We obtain

m—1 .
ren+2j+3 1
<det([ +M)m>sp(2n) = 1_[ - ( id J ) - ~ — y . m2/2+m/2.
20412+ DT Q2n+ j +2) Hj:1(2]—1)!!

j=0

6.6. SO(2n)—type D

Consider the special orthogonal group SO(2n). The eigenvalues of a matrix M € SO(2n) are
of the form zi, zl_l, R z;l. The corresponding pdf of zy, z», ..., z, is proportional to
AHO(z: 0,0, 1) and therefore we have

m m 0,0,1 m
<l_[det(1+x,-M)> = <]_[ WBC (2 x,-)> =[x PG o x: 0.0, D).
S0(2n) n i=1

i—1 i—1
Here P°(xi,...,x,:;0,0,1) is just the irreducible character of O(2m) (not SO(2m))
associated with the partition A. We have

m—1

(det(! + M)"ysoom = | |
j=0

'@2n+2j) N 2" . pm2/2=m/2
2712j = DUr@n+j) 175 @i - D '

6.7.URn+r)/(Umn+r) x U(n))—type A IlIl

Let r be a non-negative integer. Consider the random matrix ensemble G (n, ) associated with
UQRn+r)/(Um+r) x U(n)). The explicit expression of a matrix in G (n, r) is omitted here,
but may be found in [Du]. The eigenvalues of a matrix M € G(n,r) C U(2n +r) are of the
form

2z ez L L (6.1)
——
The corresponding pdf of zy, 22, ..., z, is proportional to AHO(z;r, %, 1) and therefore we
have

1

l—

<1_[det(l+xiM)> = | |(1+x)" <l_[ ‘IJBC(Z;Xi)>
G(n,r) i=1 n

i=1 i=1

m
1
= l_[(l +x;) X! Pg%(xl, e X 1 5 1)-
i=1
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‘We obtain
1
(det(I + M)™) Gy = 2" (WBC(2; 1)), ™

nm/z m—1

1

_ T(n+r+j+1)?
[T 270+ D! g Tn+ 2T (n+ 5L +1)

n,m/2

2
~ m /2+rm.

2m(m—1)/2 ntjnz—ol (r + ])‘ .

6.8. O2n+r)/(Om+r) x O(n))—type BD I

Let r be a non-negative integer. Consider the random matrix ensemble G (n, r) associated with
the compact symmetric space O(2n +r)/(O(n +r) x O(n)). The eigenvalues of a matrix
M € G(n,r) C O@2n +r) are of the form (6.1). The corresponding pdf of zy, z2, ..., z, 1S

proportional to AHO(z; £, 0, 1) and therefore we have

m m m %’0*%
<l_[det(l+x,~M)> =]]a +xi)’-<l_[ "IJBC(Z§xi)>
G(n,r)

i=1 i=1 N

=
m

= 1_[(1 +x;) xl P(I:%(le e Xy 1y 1,2).
im1

‘We obtain

m—1

m mr F(2n+4]+2r+3)
(det(I + M)" )G,y =2 1_[ T h |
j:02 (4]+2r+1)..F(2n+21+r+2)

2mr
T @) +2r+ D1t

2
~ m-+rm

6.9. Sp(2n)/U (n)—type C'I

Consider the random matrix ensemble S(n) associated with the compact symmetric space
Sp(2n)/(Sp(2n) N SO(2n)) ~ Sp(2n)/U (n). The eigenvalues of a matrix M € S(n) C
Sp(2n) are of the form zj, zl_l, ...,zn,zrjl. The corresponding pdf of z, z2,...,2, is

proportional to AHO (z 0, § and therefore we have

m

1
20
m 0.5.3
<Hdet(1+xiM)> <1_[ Bc(z;xi)> :Hx;' . P&I%(xl,...,xm;o, 2,2).
S(n) i=l1 n i

i=1
‘We obtain

m—1

n n+2j+3)FRn+4j+5) 1
(det(I + M)") sy = l_[ / / ~
Jj=0

22R2(4j+3)IT2n+2j+4) 27 [ 4j — D! v

m>+m

6.10. Sp(4n+2r)/(Sp(2n +2r) x Sp(2n))—type C II

Let r be a non-negative integer. Consider the random matrix ensemble G (n, r) associated
with the compact symmetric space Sp(4n +2r)/(Sp(2n +2r) x Sp(2n)). The eigenvalues of
amatrix M € G(n,r) C Sp(4n + 2r) are of the form

-1 -1 —1
lezl’zl ’Z] ”"’Zn’Zn’Z}'L 9Z 1 1

2r
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3 2) and therefore we

The corresponding pdf of zy, z2, . .., z, is proportional to AHO (z; 2r, 3,

have

i=1 i=1 i=1 n

m ] 1
r HO .
:E(1+x,~ x?-P(nm)<x1,...,xm,r,Z,5).

" m m 2,32
<1_[det(1+x,-M)1/2> =[Ja+xy <]_[ \DBC(Z§xi)>
G(n,r)

We obtain
24mr+mz+m 4@ Cln+r+ p+l
(det(7 + M)") 6.1 = g 0o = r ( J - r)+1 J
[T/ (4j +4r + D! Hj:lr(”+z+z)r(”+7+z)
~ 24mr+m2+m nm2+2mr

[T/ (4 +4r+ Dt

6.11. SO(4n +2)/U(2n + 1)—type D Ill-odd

Consider the random matrix ensemble S(n) associated with the compact symmetric space
SO@n +2)/(SO@n +2) N Sp(d4n +2)) >~ SO@n +2)/U(2n + 1). The eigenvalues of a

matrix M € S(n) C SO(4n +2) are of the form z1,z1,2; ", 27 oo ovZns 2y 25 s 2y ' 1L 1
The corresponding pdf of zy, z2, . . ., z, is proportional to AHO (z; 2, %, 2) and therefore we
have

i=1 i=1 i=1

- 11
=[Ta+xoxm - PR (x1, ... x0i 1, —=, = ).
E( X;)X; (n)<x1 X ) 2)

m " m 2,32
<]_[ det(I+x,~M)1/2> =]]a +xi)<l_[ lIIBC(z;xi)>
S(n) n

‘We obtain

2
m-+m

" 2mz+5m 2m r
(det(l +M) >S(n) = T

[T @ -Dt i

I m2+5m
1) 2

1
J 2

) TG — i

6.12. SO(4n)/ U (2n)—type D Ill-even

Consider the random matrix ensembles S(n) associated with the compact symmetric space
SO(4n)/(SO(4n) N Sp(4n)) ~ SO(4n)/U (2n). The eigenvalues of the matrix M € S(n) C
SO(4n) are of the form

-1 _-1 -1 _—1
ZlaZl,Zl ,Z] 7-~-,Zn,Zn,Z,, ’Zn .

The corresponding pdf of zy, zo, ..., z, is proportional to AHO (z; 0, %, 2) and therefore we
have

” " 032
11
<1_[det(1+xiM)l/2> :<l_[\IIBC(Z;xi)> :P(I;ll’(”)) (‘x17"'sxﬂl;07_27 E)
S(n) n

i=1 i=1
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Hence we obtain

(det(l + M)m>s(n) =

2m2+m 2m—1 F(}’l + % +
175 @ =D g T+ rn+ 2

2m2+m

T-r@j— i

2
~ m-—m

7. Final comments

We have calculated the average of products of the characteristic moments ( H;"Zl det(/+x; M )).
We would also like to calculate the average of the quotient

HT:I det( +x; M) ki ko, k3

[T, det(Z + y; M)

Expressions for these quotients have been obtained for the classical groups (i.e., (kj, k2, k3) =
(1,0, 1), (0, 1, 1), (0, 0, 1) in our notation) in [BG], but the derivation of expressions for other
cases remains an open problem.
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